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Abstract 

We consider, at the linearized level, the superspace formulation of lower-dimensional F- 
theory. In particular, we describe the embedding of 3D Type II supergravity of the super¬ 
string, or 4D, N = 1 supergravity of M-theory, into the corresponding F-theory in full detail, 
giving the linearized action and gauge transformations in terms of the prepotential. This 
manifestly supersymmetric formulation reveals some features not evident from a component 
treatment, such as Weyl and local S-supersymmetry invariances. The linearized multiplet 
appears as a super 3-form (just as that for the manifestly T-dual theory is a super 2-form), 
reflecting the embedding of M-theory (as the T-dual theory embeds Type II supergravity). We 
also give the embedding of matter multiplets into this superspace, and derive the F-constraint 
from the gauge invariance of the gauge invariance. 
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Introduction 


1.1 Earlier work 

After dimensional reduction only linear coordinate transformations are preserved, since those trans¬ 
form indices but not vanishing coordinates. (There are also translations, but they don’t affect 
indices.) The vielbein in pure gravity (actually the compactihcation scalars) thus becomes an 
element of GL(D)/0(D—1,1), since the local tangent space symmetry is unaffected. (If only d 
dimensions are compactiifed, replace D with d.) This symmetry can be used to reconstruct gravity 
upon decompactifying the dimensions [1]. 

If a similar reduction is applied to the vielbein and 2-form of the massless sector of the bosonic 
string, the fields are found to form the coset 0(D,D)/0(D—1,1)^ [2], where 0(D,D) is T-duality. 
This symmetry can be used to reconstruct the complete low-energy limit of string theory in a 
manifestly T-duality covariant form by doubling the number of spacetime dimensions [3-5]: The 
method is based on the string current algebra, which defines a new Lie derivative. The second 
D coordinates correspond to winding modes of the string; they do not require doubling of the 
string coordinates X(r, a). The coordinate transformations generated by the currents include 
both the usual coordinate transformations and the gauge transformations of the 2-form combined 
covariantly, and automatically imply the gauge invariance of the gauge invariance. This allows 
for the definition of connections, covariant derivatives, torsions, curvatures, and Bianchi identities. 
The action can then be constructed by introducing the dilaton as an 0(D,D)-invariant integration 
measure (density). An 0(D,D)-covariant constraint (“strong constraint”, as it was later called) 
is imposed on the coordinates for gauge invariance of the action; choice of a solution (“section”) 
spontaneously breaks 0(D,D), which is restored to 0(d,d) upon reduction of d of the coordinates. 
The construction generalizes straightforwardly to the superstring in superspace. Recent develop¬ 
ments include hnite gauge transformations [6] and the supersymmetric component action [7, 8] . 
(Other recent developments are listed in [9].) 

Analogous cosets were found for dimensional reductions of M-theory [10, 11]. Bosonic ac¬ 
tions (without added coordinates) were constructed, but had measure problems, suggesting the 
procedure might work only for the complete IID theory [12]. Extra coordinates were found to 
manifest U-duality (including T-duality and S-duality), leading to a generalization of the strong 
constraint [13-15]. We’ll refer to these as “F-theory”, according to its original definition as adding 
further dimensions to M-theory to incorporate U-duality. (We’ll also call this generalized constraint 
the “F-constraint” to distinguish it from the original 0(D,D) “T-constraint”.) Supersymmetric 
generalizations were found, in components [16,17]. These held theory descriptions were related 
directly to branes in [18-20]. 

1.2 Review 

The most complete results were obtained for the massless bosonic sector of the F-theory uplift 
of the 3D superstring [12,13,21-23]. (The corresponding M-theory is 4D, iV = 1 supergravity.) 
The fully nonlinear gauge transformations and action were obtained (with the F-constraint). The 
measure was not covariant, but the indications were that this was a consequence of not working 
in the critical dimension. (In T-theory the dilaton acts as the measure for all D.) We will not see 
this problem here, as we limit ourselves to the linear approximation. We now briehy summarize 
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those results (with some reinterpretation). 

The symmetry unbroken by the vacuum is SO(3,l) for M and SO(2,2) = SO(2,l)^ for T (left 
and right, doubling the SO(2,l) of the String), so that for F must be SO(3,2) = Sp(4). This gives 
the usual naive extra dimension expected, but supersymmetry requires more: The anticommutator 
of 2 supersymmetries yields for momentum a symmetric bispinor of Sp(4), i.e., an antisymmetric 
tensor 10 of SO(3,2). 

From the usual dimensional reduction arguments (see more below) we know the bosons in this 
case must be an element of SL(5)/0(3,2). But the vielbein must carry antisymmetric pairs of 
indices (as do the coordinates and momenta): It is the 10 representation of the coset, while the 
defining 5 representation is more convenient, since it is unconstrained except for unit determi¬ 
nant (which we’ll see below actually arises as a gauge invariance in the superspace formulation). 
Expressing one in terms of the other. 


^ mn _ _ n 

^ab — ^[a 

where the indices belong to the 5 of SO(3,2) or SL(5). Linearizing Cq™' as symmetric, traceless 14 
hab, the gauge transformations are thus 


^b)c tr 


(A also a 10). 

As for T-theory, there is a gauge invariance of the gauge invariance, in this case 


in terms of the new parameter a totally antisymmetric 5 of SO(3,2). This requires for 

consistency the F-constraint 

d[abdcd] = 0 ida[bdcd] = 0 ) 

acting on and in turn on all other quantities. At the nonlinear level, it is imposed even when 
the two derivatives act on different fields, since it must hold on products of functions (as required, 
e.g., for integration by parts). 

These results relate to the usual for the M and T-theories: M comes from solving the constraint 

PlabP'cd] = 0 

for all momenta p*, which implies 


Plb = U[aPl] , ~ Ua 

Choosing a frame (and normalization) Ua = ^-i,a (for some time index “—1”), we have only pLia 
nonvanishing, a ^ —1, a 4 of SO(3,l). The bosonic sector of M then follows straightforwardly (cf. 
appendix B). The superspace reduction is worked out in section 4.1. 

T comes instead from dimensional reduction: restricting the range of the indices 5 —)■ 4 (now 
dropping a space index as usual). In this case p becomes a 3©3' of SO(2,l)^, the 3’s of the 
2 SO(2,l)’s coming from the selfdual and anti-selfdual parts of Pab- Also, A and the constraint 
reduce to the usual scalars, with the SO(2,2) inner product given by eabcd- The analysis is actually 
simpler in spinor notation (as implied by superspace) and is carried out in detail in section 4.2. 
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1.3 Superspace 

In this paper we consider F-theory as the U-duality completion of superstring theory in D = 3, 
4, or 6, focusing mostly on D = 3 [24]. (The F-theory itself is in much higher dimensions.) We 
will study its formulation in superspace, but only at the linearized level. Ultimately the goal is 
to use the richer yet more restrictive structure of superspace to help understand the geometry of 
the theory, and possibly the underlying worldvolume dynamics that implies it. We’ll see a few 
examples below. 

We now consider general properties of supergravity in superspace for the related String theory 
(Type II), manifestly T-dual string theory, M-theory, and F-theory for cases corresponding to the 
(classical super)string theory in spacetime dimensions D = 3, 4, and 6. M-theory is defined in 1 
dimension higher, T-theory in double the dimensions, and F-theory in whatever number needed to 
preserve the enlarged tangent-space symmetry, as described below. The result can be summarized 
in table 1. 


G/H 

F-theory 

bispinor coordinate 

^ \ 

GL(D+1)/0(D,1) 0(D,D)/0(D-1,1)2 

M-theory T-dual theory 

D+1 2D 

\ / 

GL(D)/0(D-1,1) 

String (II) 

D 


D G H 

3 SL(5;R) Sp(4;R) 

4 0(5,5) Sp(4;C) 

6 E7(+7) SU*(8) 


bispinor (dimension) 
symmetric (10) 
hermitian (16) 
antisymmetric (28) 


sectioning \ dimensional reduction 


Table 1: FMTS in superspace 

The tangent-space symmetry H listed above for F-theory follows from taking the covering group 
of SO(D—1,1) and doubling its argument. The supersymmetry algebra (or that of the correspond¬ 
ing flat-space covariant derivatives) thus takes the same form as for the standard superspace for 
Type I supersymmetry, 

D 3 . {do-, dp\ ‘^Pa/3 ) Pl3a PaP 

D = A\ , {d, d} = {d, d} = 0 

D = 6 : {da, df}} = p^p , {d, d} = {J, d} = 0 , pp^ = -Pap (1-1) 

except for this doubling: The fermionic coordinates are in the defining (“spinor”) representation 
of H, and the bosonic coordinates are in the bispinor (“vector”) representation with the same 
symmetry/reality conditions. The number of supersymmetries is thus the same as for S-theory 
(Type II, as well as for M and T). However, the bosonic space is enlarged due to the larger H. 

The cosets G/H give all of the bosonic sector of F. (The cosets given for M and S give just 

gravity, while that for T gives only gravity and the 2-form.) They correspond to the Lorentz 
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scalars of maximal supergravity in 10—D dimensions (except that H is Wick rotated for 2 time 
dimensions [25]), while the bispinor coordinates correspond to the Lorentz vectors (which are 
representations of G). The “vector” vielbein is in the coset G/H, in the bispinor representation, 
which can be expressed as a homogeneous polynomial in that of the defining representation. 

The D = 3 case might better be considered as GL(5)/SO(3,2)(g)GL(l), indicating gravity in 3+2 
dimensions with local Weyl scale invariance. (Supergravity then has also local S-supersymmetry, 
as we’ll see below.) The case D = 4 resembles a T-dual theory for 5D supergravity, except for the 
reality conditions and the mixed spinor indices of the bosonic coordinates. For D = 6 note that, 
unlike SU(8), all even rank tensors of SU*(8) including the bispinor are real, since the defining 
representation is pseudoreal. Furthermore, SU*(8) has subalgebras SO*(8) = SO(6,2) and SU*(4)^ 
= S0(5,1)2. But SU*(8) = SL(4;H), not Sp(4;H). For the rest of the paper we concentrate on 
D = 3. 


1.4 Super F-orms 

The flat space covariant derivative algebra is 


{da, dfj^ ‘Ipap 


( 1 . 2 ) 


where Pa^ = Ppa is symmetric. For D=3, we can write 


PaP 2 ^ 5 ^ ')apPab ; Pab Pba^ 

where p is antisymmetric in vector indices. This superspace has 10 bosonic coordinates (with 
signature (6,4) cf. §4) and 4 fermionic ones. 

For gauge invariance, we require the “F-constraint” 


P(a/3>=0 ^ = 0 (1.4) 

on all fields and gauge parameters. Here, X(^ap) ■= X[ap] + \CapX'^^ stands for the anti-symmetric 
part with the G-trace removed. We will at times refer to F as ten-dimensional but the theories 
are effectively restricted to satisfy this constraint. Then, from (A.5, A. 6) we obtain 


d{ad'^dp) = 0 and d'^d^cP = 0. 


(1.5) 


Starting in the next section, we will derive the F-analogues of the familiar matter, gauge, and 
gravitational multiplets. Together, they form a de Rham-type hierarchy which we represent in 
table 2 (cf. [26,27]). 

The F-constraint gives rise to a new type of bosonic representation superficially similar to 
exterior differential forms in ten dimensions but with the opposite parity on its indices. In contrast 
to the ten-dimensional de Rham differential d = ^dx°‘^dab, which squares to zero by commutativity 
of d, these forms are solutions of d[ab^^ci...cp] = 0 of the form Uci...cp = 9[cic2hc3...cp] which is a valid 
solution due to the vanishing of d^abdcd] = d^cddab] by the F-constraint (1.4). As we will see in 
section 2, these “F-orms” appear in the component expansions of the F-theory superfields and 
reduce to p-forms under sectioning F —)■ M. They are worked out in appendix B where it is found 
that they come in two distinct de Rham-type sequences we will call p-forms and *p-forms based 
on the degree of the M-theory p-form they describe (cf. tables B.2 and B.3). 
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p (mod 6) 

Ap 

dAp 

multiplet 

EOM 

0 

A 

d^A 

scalar (§2.1) 


1 

A 

d?daA 

vector (§2.3) 

d°‘dAa 

2 

Aa 


superconformal (§3.1) 

d^dAaiB 

3 

A{afi) 

d^^(o/3} + ••• 

supergravity (§3.2) 


4 

A{ap) 

-^{oLjA) 

dual vector (§2.4) 

d/^ad'^dAji) 

5 

Aa 

d^'d^Aa 

tensor (§2.2) 

d?d'^dA 


gauge transformation: 
field strength: 
Bianclii identity: 


6Ap = dAp_i 
Fp+i = dAp 
0 = dFpj-i 


Table 2: Super F-orms 


1.5 Outline 

In section 2, we will construct each of the matter and gauge multiplets (corresponding to p = 
0,1,4,5 in table 2). The constraints defining the multiplets are complicated due to the lack of 
chirality. In particular, products of irreducible superfields are not irreducible superhelds (he. there 
is no analogue of the chiral ring). It will turn out that every multiplet contains a bosonic p-form 
with a gauge transformation. For each multiplet, we give the component structure and quadratic 
action. We then describe the (lack of) self-couplings and attempt to classify interactions between 
the multiplets. Such terms are severely restricted by gauge invariance and their complicated 
constraint structure. 

The result of the analysis of interactions is that all interactions between the various irreducible 
representations are at most quadratic with the scalar multiplet (SM) coupling to itself to give a 
mass term. The tensor multiplet (TM) and vector multiplets (VM) can only couple to each other 
in a BF-tjpe interaction, thereby giving a mass to the TM. The dual vector multiplet (dVM) 
cannot couple to any of the other superhelds. 

The held strength of the VM is the gauge transformation of the next entry in the de Rham 
complex. Instead of describing a 2-form (which already sits in the TM), it turns out that the 
associated invariant is the multiplet of linearized local super conformal transformations, which we 
study in section 3. The next entry of the table has this multiplet as a set of gauge transformations 
and, therefore, describes the “conformal” graviton: In the same way that the orthogonality of 
the vielbein in T-theory makes its linearization a super 2-form, the linearized superhelds of F- 
supergravity are naturally associated with a super 3-form. We construct its linearized Einstein 
tensor and, thus, the linearized supergravity action, invariant under the linearized super conformal 
transformations. We hnd, however, that we are unable to construct the super-Weyl tensor (as 
expected from a similar analysis at the nonlinear level in T-theory). 

The derivation of M, T, and S-theories by combinations of sectioning and dimensional reduction 
of all the above F-theories is discussed in section 4. The hnal section contains our conclusions. 


6 








Some superspace d-identities are derived in appendix A. In appendix B we present a bosonic 
version of F-theory. First, we address the subtle notion of p-forms which appear in the components 
of the matter and gauge multiplets in the main body of the paper. We end the appendices with 
the construction of bosonic F-gravity. 

2 Matter 

2.1 Scalar Multiple! 

Consider the real scalar superheld constrained by 

= 0 . ( 2 . 1 ) 

Due to the identity (1.5), we can solve this constraint in terms of a (real) prepotential U as 

0 = (fU, SU = (2.2) 

The 8 + 8 components of the real scalar superheld U are given by 

f/ ~ D + + 0^0 + e^^oAa + + e^D. (2.3) 

We take the action to be 

S = ^ j d^x j d^e (j)^ (2.4) 

This yields the equation of motion 

dV = 0. (2.5) 

Together with the constraint (2.1), this implies the Dirac equation Pa^d^0 = 0 by the second 
identity in (A.3). 

The components of the scalar multiplet are 

0 ~ 0 + 00 + with Fa = dabA^ (2.6) 

The “vector” component Fa is a derivative of the vector A“ in the prepotential U (2.2) by the hfth 
and sixth identities in (A.3). By the dehning constraint (2.1) and the hrst equation in (A. 5), it 
satishes the Bianchi identity d[abFc] = 0 so that F is a *2-form (cf. table B.3). Taken together, 
this multiplet carries 4 + 4 off-shell degrees of freedom. On-shell, the vector potential is further 
constrained to satisfy 0 = Aad^0 oc 0afeA^0 oc dabd^'^Ac- This is the Maxwell-type wave equation 
d°‘^Ff, = 0 (cf. eq. B.3) reducing the multiplet to 2 + 2 on-shell degrees of freedom. 

Reducing F —?■ M, —)■ + (P and the scalar superheld 0 —)■ 11 + 11 reduces to a chiral held 
n with real prepotential plus its conjugate. This is the known description of the four-dimensional 
gauge 3-form multiplet [27]. We conclude that this “scalar” multiplet describes the F-theory lift 
of the gauge 3-form. We will revisit this reduction in section A.3. 

^Note that this implies the existence of an oo tower of multiplets, starting with the dual (tensor) multiplet (cf. 
§ 2 . 2 ) 
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2.1.1 Scalar Multiple! Mass 


It is impossible to write a general superpotential for this multiplet since, for example, in the 
reduction F —)■ M, the resulting superpotential fails to be holomorphic. The exception to this is 
the mass term 


m 


S^ = — (fx (fe U(j), 


(2.7) 


which is gauge invariant by the constraint on 0. It reduces correctly to M by the linearity in 0: 


J d^x J d^e t/(n + n) = y J d^x J d^e uu + h.c. 

= jjd‘^xJ d^ed^un + h.c. = ^ J d^x j d‘^en^ + h.c. 

The massive SM equation of motion becomes 

d^cj) + mcf) = 0. 


( 2 , 8 ) 


(2,9) 


Note that this equation is annihilated by d'^da- This requirement gives a stronger reason that 
there can be no superpotential F(0) for the scalar multiplet: Consider the putative equation of 
motion d'^cj) — f{(j)) = 0 where / = —V. Acting with d?da automatically annihilates the hrst term. 
On the potential it gives 

0 = 2d‘^daf{4>) = f"'d^(j)dii(j)da(l) + f” {2d?(j)da(l) + 2d^(j)diida(j)') 

= (/'"d^0d^0 + /"/) da(t) + f'd^(l)dfjda(t). (2.10) 

Canceling the second term requires f = 0 which then implies that /'" = 0 as well. Thus, we 
recover that 


/ = A + mcf) 

for some constant parameters A and m with mass dimensions 2 and 1, respectively. 


( 2 . 11 ) 


2.2 Tensor Multiplet 

The dual G of the scalar multiplet has its defining constraint and equation of motion reversed as 
compared to the equations dehning the dynamical scalar multiplet 0. That is, the constraint is 

d?G = 0 G = d^d^r]a : 5r]a = d^Vaji (2-12) 


for some unconstrained spinor superheld rj with gauge parameter Vai 3 = \vi^oip)- 
The action dual to the scalar action (2.4) is 


s = -lld‘.l 

8 


d^OG^ 


(2.13) 


The equation of motion extremizing this action is 

d^daG = 0. (2.14) 

The Dirac equation on the spinor in G is implied by the constraint and the equation of motion as 
with the scalar multiplet to which it is dual. 

The components of the tensor multiplet are 

G ^ G + 6^ + e'y‘^eFa. (2.15) 

The vector component is constrained by = d°‘^Ai,G oc = 0 as expected from duality 

with the scalar multiplet. This constraint identifies Fa = F^cde as the (dual of the) field 

strength Fabcd = 5[a6^cd] of a 2-form (cf. table B.2). The equation of motion now implies d'^'^Fahcd = 
0 reducing the 4-1-4 component off-shell description to 2 -|- 2 on-shell components. 

2.2.1 TM <H- SM Duality 

This multiplet can be obtained by performing a duality transformation on the scalar multiplet of 
the previous section. A duality functional for 2-form o *2-form is 

J d^x j d^e {Gd^U - IG^) . (2.16) 

Indeed, integrating out G gives G = d?U. Substituting back into the action gives the scalar 
multiplet of section 2.1. Alternatively, integrating out U gives the constraint d?G = 0 which is 
satisfied by the tensor multiplet solution G = and the action reduced to the tensor muliplet 

action (2.13). 

As usual, there is a “dual” action for expressing this duality, 

J d^xd^O {(j)d°'d^rja — . (2-17) 

Now 0 is auxiliary, and G = d^d^rja appears explicitly. 

2.2.2 Tensor Multiplet Mass 

The equation of motion (2.14) is annihilated by contraction with (dya)". Since no combination of 
m, d, and rj has this property, we conclude that this multiplet cannot have a mass term. Indeed, 
postulating a superpotential Va{G) and repeating the analysis of the previous section, we find that 
dG'jaf' = 0, which is easily shown to imply that = 0. Thus, /« = 0 unless we consider couplings 
to other multiplets. In section 2.3, we will find that the vector multiplet field strength Wa satisfies 
this constraint. There we will take the constant (in G) fa = which deforms the equation 

of motion to dfdaG + mWa = 0 with m = cbf- 
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2.3 Vector Multiple! 


The scalar and tensor mnltiplets of the previous section ht into a de Rham complex ■■■—)■ TM —> 
SM in which the held G = d'^cpTja in the TM becomes the gauge transformation of the 

prepotential U of the SM (j) = cPU. In this section we extend this complex to the right 

...—^TM—^SM—^VM—^... (2.18) 

by taking the prepotential expression of the SM held and reinterpreting it as the gauge trans¬ 
formation of what will turn out to be the vector multiplet (VM), describing the supersymmetric 
generalization of the form with p = 1 in table (B.2). 

Thus, the vector multiplet prepotential is a real scalar superheld V with the abelian gauge 
transformation 


6V = (2.19) 

given in terms of the scalar multiplet of the previous subsection. Due to the identity (1.5), we can 
dehne the (abelian) vector multiplet held strength as 

1T„ := dFd^V. 


This solves the Bianchi identity 


d{aWfi) =0 d-^aW = 0, 


as follows from (1.5) and the second equation in (A.3). 
Then the Maxwell action 


s = - j (fx J d^^e vd^d^daV 

is invariant. The equation of motion following from this action is 

= 0 . 


( 2 . 20 ) 

( 2 . 21 ) 

( 2 . 22 ) 

(2.23) 


Together with (2.21), this gives the Dirac equation for W, as follows: The hrst equation of (2.21), 


when taken together with the equation of motion implies (i[alT/ 3 ] = 0. This gives d?Wa = —Pa^W^ 
and = — \poLpW^. Together, they imply the Dirac equation 0 = dadpW^ = \pai 3 W^. 

The 8-1-8 components of the real scalar prepotential V are given by 

V + ep + e^f + e-f^oAa + e^Ox + o^d. ( 2 . 24 ) 

Under a gauge transformation with SM gauge parameter 

d^Xr~.A + ei) + ( 2 . 25 ) 

we see that there is a Wess-Zumino gauge 

V r^ex'^eAa + e'^ex + e^D with 5Aa = dabX^. ( 2 . 26 ) 

The components of the held strength are 

~ Xa + {0x‘^^)aFab + with F,b = (2.27) 


The 2-form component satishes the identity d°'^Fbc = 0. In table B.2 it is represented by its Hodge 
dual Fabc so that, indeed, this is the 1-form (as opposed to the *l-form). This gives an off-shell 
4-1-4 component description that reduces to 2 -|- 2 components on-shell. 
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2.3.1 Gauge-invariant TM/VM Interactions 

We are unable to give the VM gauge-invariant self-interactions. Nevertheless, we hnd that we are 
able to construct interesting gauge-invariant terms that are not the kinetic action. We modify the 
usual argument to include a term d°'Wa + fiV) = 0 with dependence on V instead of W. Then 
0 = (ff = (PVf + 2(PVdaVf” implies that 

f{V) = CFi + g{^) ( 2 . 28 ) 

where cpi is a constant and ip^ are other helds that are not V. Since / is independent of V, these 
terms integrate to f d'^xd^OV f{(p). Now, gauge invariance requires = 0 off-shell so 

+ 2gijd‘^ip^daip^ = 0 ( 2 . 29 ) 

where gi := dg/dip'^ and gij := d‘^g/d(p'^d(pf Thus, assuming only linear constraints on (p, we hnd 
that gij = 0 and either g^ = 0 or (p = G is a tensor multiplet. We now consider these terms in 
more detail. 


Fayet-Iliopoulos Term Although we are unable to construct minimal coupling terms and self¬ 
interactions, there is the possibility of a Fayet-Iliopoulos term 


Sfj = CFI / d^x / d*e V. 


(2.30) 


This term is gauge invariant and supersymmetric by the usual arguments. 


BF Coupling and Tensor Multiplet Mass Consider the coupling 


Sbf = cbf / d^x / d^e VG, 


(2.31) 


to a tensor multiplet. This is gauge-invariant due to the constraint on G. The Fayet-Iliopoulos 
term results if we give a vev (G) = cfi/cbf- By solving G = d°‘dfrja for its pre-potential, we can 
also recast the action in the form 


Sbf = Cbf j d^x j d^eW^g^, (2.32) 

The bosonic terms in the component action are of the form cbf j d^x{e°‘^'^’^^Aadbc^de + DG). 
The hrst term can be rewritten as B A F where Bab ~ Aab is the gauge 2-form in the TM and 
Fabc ~ d[abAc] is the 1-form held strength. The second term, when combined with the Maxwell 
action, gives rise to a mass m = cbf for the scalar in the TM G. 

2.4 Dual Vector Multiplet 

We momentarily digress from the de Rham progression TM —)■ SM —)■ VM to work out the dual 
vector multiplet (dVM) obtained by interchanging the VM constraint with its equation of motion. 
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In doing so, we will find the supersymmetric generalization of the form with p = *1 in table B.3. 
The dual vector multiplet *Wa is dehned by the constraint 


d^*Wa = 0 *Wo, = cPd^ha^p : 6 h^ = d^X^ 


(2.33) 


where the prepotential and gauge parameter satisfy Xajs = \Xi^a. 0 ) for X = h, X. The dual Maxwell 
action is 


S = 


1 

2 




d^e do^h^'^d^d^hp^, 


(2.34) 


giving the equation of motion 


d{aW^) = 0 d-fa*W = 0. (2.35) 

The components of the gauge parameter are those of a scalar multiplet (2.25) with a vector index 
tacked on 


~ A" + dV'" + + e‘^LX (2.36) 

This can be used to put the prepotential into the Wess-Zumino gauge 

h" ~ h" + dy" + + dy^dA^ + d^ (^y-^A + V'") + 

dy“dA^ + d^ (^y"A + + d^D", (2.37) 

with the residual gauge transformation 6 A'^ = dabX^’^, identifying this multiplet as the p = *1 form 
(cf. table B.3). 

The remaining helds enter the held strength superheld as 

~ + (y“'d),*F„fe + (y“d)„*F, (2.38) 

where *Fab ~ ^[ca^fe] and *Fa ~ eJ^^'^^dbcAde are the held strength for a dual vector (he. a *l-form) 
and the (dual of the) held strength for a 2-form, respectively. The latter is auxiliary, being set to 
zero on-shell by the equation of motion (2.35). 

2.4.1 VM yy dVM Duality 

This multiplet can be obtained by performing a duality transformation on the vector multiplet of 
the previous section. The duality functional for 1-form -H- * 1-form is 

j d^x j d^d {Ao^d^d^V - \A^d?A^) . (2.39) 

Indeed, integrating out A gives A^ = d^V (up to terms annihilated by d? e.g. dad'^k). Substituting 
back into the action gives the vector multiplet of section 2.3. Alternatively, integrating out V gives 
the constraint d'^d^Aa = 0 which is satished by the dual vector multiplet solution Aa = d^hap (up 
to terms in the kernel of d?). Again, there is a dual action, 

[ d^xd^e {A^d^d^hag - \A^d?A^) . (2.40) 
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2.4.2 No Gauge-invariant dVM Interactions 

The equation of motion d'ya*W = 0 is annihilated by cP. We can repeat the analysis of section 
2.3.1 with the difference that now fa{h) is a 1-form. The condition that cPfa = 0 is strengthened 
by gauge invariance to conservation (Pfa = 0 off-shell. Analogously to (2.28), we hnd that fa is 
a linear function of TMs. But then it is easy to see that the only such function consistent with 
Lorentz invariance is fa = 0. We conclude that the dVM does not admit any interactions. 


3 Supergravity 

In this section, we return to construction of the de Rham complex by extending equation (2.18) 
to the right: 


...—^TM—^SM—^VM—^sConf—^... (3.1) 

This means that we have a prepotential with transformation of the form of the defining constraint 
(2.20) of the VM. This is recognizable as the linearized conformal supergravity prepotential trans¬ 
formation. Surprisingly, then, we do not generate the supersymmetric version of a p-form as one 
might have expected.^ 

3.1 Local Superconformal Transformations 

The local superconformal transformation of the supergravity prepotential is 

6 Ha = 2d-faL. (3.2) 

The expansion for the gauge parameter is 

La ~ La + Oa^ + {d'y°‘)a^a + a^ab + d'^^a + d'y‘^6Aaa 

+ -|- (0^7“)aCTa -|- {0^'^°'^)a^ab + d^^la- (3-3) 

As we explain momentarily (c.f. §3.1.1), there is a gauge transformation of this gauge parame¬ 
ter that allows us to remove the hrst two components. In this Wess-Zumino gauge, the gauge 
transformation of H is 

d'^aL ^ + 0 ^Aq -|- + 6^^ (da + Oab^^) + 6*7a^ 

+ 0-f0 {bJah + dPibP) + 0^ (laV + dabl’^e + dab^^'^ + (3.4) 

The component fields parameterize: 

^This is also true in ordinary 5D, = 1 [28] and 6D, N = (1,0) [29] versions of the superspace de Rham 

complex and may, in fact, hold generally [;30]. The case of 4D, = 1 (and lower) is special because of the 

possibility of producing an irreducible superheld using chirality: The 1-form constraints are (PW^ — daW°' = 0 and 
daWa — daWa = 0 (cf. eq. 4.3) but the latter reduces to the chirality condition (cf. §4.1). Had this not been the 
case, we would have found 5Ha = ddaL — daaL (the conformal graviton) as the next multiplet in the list. Instead, 
we impose chirality and extend the complex using the other identity. By doing so, we successfully generate the 
gauge 3-form multiplet. (See also ref. [30].) 
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parameter 

^ab 


a 

^ab 

Va 

local type 

translation 

snpersymmetry 

scale 

Lorentz 

S'-snpersymmetry 


The parameters {■Caio'a}, together with local scale (for 93 ), local Lorentz (for bab), and local 
S'-supersymmetry (for the trace of the gravitino), can be nsed to rednce the components of the 
snpergravity prepotential to the Wess-Znmino gange’^ 

Ha ~ Ha + OXa + d'^Qa + (rjab^ + hab + bab) + 6^ + V'a) + 

—)■ Ox^Ohab + O^tpa + (3-5) 

The remaining gange transformations 

^hab = d(^a‘'^b)c, ^i^aa = dabl'^s “ trace, and SAa = 0, (3.6) 

represent the F-theory analognes of the nsnal infinitesimal diffeomorphism and local snpersymme- 
try transformations. 

3.1.1 Geometrical Origin of the F-constraint 

The gange transformation 5La leaving 5Ha invariant (gange for gange) corresponds to the vector 
mnltiplet held strength of section 2.3: 

0 = 5La = Cp daC 

for an arbitrary real scalar held C provided (cf. eq. A. 5) 

0 d(^aid dp'j 2,p^^jjy 

This gives the manifestly snpersymmetric generalization of the observation in the Introdnction 
that the F-constraint follows from the gange invariance of the gange invariance, as is also trne 
in T-theory. Also as in T, at the nonlinear level it follows from the closnre of the algebra of 
generalized diheomorphisms, as was shown in bosonic F-theory [13]. 


3.2 Action 

Given the F-theory action S'p, the eqnation of motion is dehned by 


Dne to the gange transformation of (3.2), this snperheld mnst satisfy 


(3.7) 


(5G„ = 0 » = 0. (3.8) 

^The component Aaa is Lorentz reducible: It contains a y-trace that cannot be absorbed by redefining Ea 
(because 9^°‘6{piaA)a ~ + 0q,( 0A) and a redefinition of e can only shift away the first term). Similarly, the 

Xaa component is reducible and we use all of A to gauge away all of y. 
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Since we are working in the quadratic approximation, the action is determined to be Sf = 
^ f d^x f d‘^9 H°‘Ga{H) once we have found such a G. We now turn to the construction of the 
linearized Einstein tensor. 

Let^ 


Gap = aod^Hap + aid^pi^a'Hfi)^ + a2A'^^p^(^aHp)5 + a^pi^a'^pp)^ H-yS + a^p^Hap (3.9) 

Although we can £x the coefEcients by demanding invariance under the gauge transformation (3.2), 
it turns out to be simpler to impose the Bianchi identity. Contracting d^ on the hrst three terms 
gives 

d^d^Hap = -p^^d^^Hap 

d^d^Pi^a^Hp)^ = -p^d^'^Hap - p'ld^^Hp^ + \pjj)^i^^d^H^s - \p^d^Hap 
d^A^^p,^JHp)s = p^^d^^Hap - P^d^^Hp, - Ipjy^^df^H.s - ^P^d^^Hap (3.10) 

Therefore, d^Gap = 0 implies (oi, 02 , 03 , 04 ) = (—1,1,1,0)y, and the action 

SF = jJd^xJ d^e i^H^^d^Hap + Pa^H^^d^Hp^ + Pa^H^^pp^Hs^ - p^aH^^A'^^Hps^ (3.11) 
is invariant. 

Alternative forms of this action can be derived using the identities in appendix A.2. For 
example, by solving for the HpAH term in the sum of the last two equations in (A.3), the action 
can be put in the form 

SF = ^Jd^xJ d^e {H'^^d^Hap + \pa?H^^d^Hp,+pa^H^^pp^Hs, + \{AapH^^fy (3.12) 
This form can be reduced further to one with only p and A terms giving 

d'^x J 

In section 4.1.3, we will reduce the F action in the form (3.11) to M. Matching to the quadratic 
action of old-minimal supergravity hxes the overall normalization to the value Oq = — 

3.2.1 No Weyl tensor for F 

The linearized Einstein tensor Ga is not the held strength of the conformal graviton Ha since it 
vanishes on-shell. Next, we explain why we are unable to construct the linearized super-Weyl tensor 
Wap'y of dimension | invariant under the gauge transformation (3.2). The linearly independent 
terms of dimension | and their transformations are 

dp[a dpH^'^g 2P{oLpA-y'^^L H^Gpd -^ 7 ) A dpL^'^ 

dp[apd H^'jg 2 PGPPi)^^ 2P{aP^'y)sL '^P{apd L-y'^ 

dA^a dpHy'jg p(^apAy'^gL 2PGl^d^ ^^{ad dpLy'^ (3.14) 

'^Note that = 0 (in vector notation, for example, there is no way to make a non-zero vector out of 

AaHb). Therefore, 0 = Aa)sHp'^ = H‘^P{p'^^AgaH^y + A'^^psaHpy). 


{AapH^'AysH^^ + 2pyaH^^A^^Hsp]. ( 3 . 13 ) 
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Note that every term on the right-hand-side either contains P(a/ 3 ) or is of the form d(^ad‘^d^L^) = 
2 As{aPpL^y The former vanish when reduced to M and restricted to undotted spin indices whereas 
the latter are annihilated by A related observation is that d?d(a'Pii^h^)s Wajs-y, by itself, 
reduces to the M-theory Weyl tensor when keeping only holomorphic spinor indices.® 

With this, it is clear that we can find a linear combination canceling the terms of the form 
P{ai3P'y)5L^ and p^^apd'^L-y)- The terms of the form d(^ad^dj^L^) are canceled once we hit the whole 
thing with This leaves the terms d?p(^ai 3 ^-y)&L^ with the coefficient —1 — | 7 ^ 0. Therefore, we 
conclude that it is impossible to construct a Weyl tensor superfield in F theory. 

In retrospect, this can be explained by a similar observation in T. There, it is known that one 
cannot construct the T-invariant Weyl tensor [4]. Since F ^ T, we conclude that “no T Weyl 
tensor” ^ “no F Weyl tensor”. 

4 Reduction F —> M, T, S 

The signature of our ten-dimensional toy F-theory is (4,6) with 4 space-like and 6 time-like direc¬ 
tions. In particular, in flat space 

□ := -v^^dAds := + 4 (4.i) 

with the isometries S'0(4, 6). (Here the _i index is the timelike one of §1.2 and we chose the sign 
so that □ —□ under F—t-M.) Reduction to M, T, and S proceeds by solving the F-constraint 
d[abdcd] = 0 (1.4) and dimensional reduction in various combinations, as explained in the Introduc¬ 
tion. 

4.1 F ^ M 

Reducing to M is achieved solving the F-constraint in the hyperplane orthogonal to time-like 
vector u. Fixing = 5“^, this means that we are keeping only those pab with one _i index and, 
therefore, □ —)■ —reduces to the Laplacian in signature (3,1). 

The superspace derivatives reduce to da, da with the familiar form for the four-dimensional, 
N = 1 supersymmetry algebra (our conventions are explained in detail in appendix A. 3) 

{d, d} = 0, {da, da} = Paa, [d, d] = 0. (4.2) 

The superspace theories of section 2 reduce to combinations of four-dimensional representations and 
the reduction of the gravity theory turns out to be a modified version of old minimal supergravity 
that has a real prepotential (3-form multiplet) for its chiral compensator. We now turn to the 
derivation of these results (they are summarized in table 4). 

4.1.1 Chirality 

M-theory has chiral fields. We now explain how these emerge from a manifestly real F-theory. 

®The same was true of the VM superfield strength Wa when it was written in terms of the prepotential: There 
too the holomorphic restriction of F —)■ M automatically spits out the chiral superfield Wa = (PdaV. 
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Consider again the vector mnltiplet field strength of section 2.3. We rednce the constraint (2.21) 


d{aWi3) 


d'^Wa — d^W a = 0 
doWa — daW a = 0 


(4.3) 


(see also appendix A. 3). The second eqnation is weaker than the chirality condition dW = 0 bnt 
it implies p^^d^^Wjs) = 0. This snffices to conclnde that dcWa = constant. Thns, chirality emerges 
as a choice of bonndary condition in the space of F-fields. 

Alternatively, we can solve the constraint in terms of the prepotential Wa = d^daV. Upon 
rednction, Wa —)■ Wa, Wa, the new W = (PdaV is antomatically chiral becanse = 0. 


4.1.2 M Fields 

The rednction of the fields from F —)■ M is snbtle dne to the tension between the reality of 
the former and the chirality of the latter. In this section, we will demonstrate the matching of 
representations by comparing them to table 3 of fonr-dimensional p-forms [26,27]: 


p 

Ap 

djAp 

mnltiplet 

EOM 

0 

•h 

i($ - $) 

scalar 


1 

V 

d^daV 

vector 

d'^dAa + h.C. 

2 


d’^^a + h.C. 

tensor 

dadA 

3 

V 

dW 

gange 3-form 

d^dA -|- h.C. 

4 


o 

III 

gange 4-form 

0 


Table 3: 4D, N = 1 p-forms: {6Ap, Fp+i, dFp^i) 


(dAp_i, dAp, 0). <hs are chiral and Us are real. 


SM —)■ 0-form and 3-form As allnded to in section 2.1, the scalar mnltiplet rednces as 0 = 
d?U —)■ d'^U + = (n -|- n) to a chiral field 11 := d^U with real prepotential. Comparing to the 

table, we find that this is both of the form of the 0-form field strength and that of the gange 3-form 
mnltiplet. The 4-form field strength of the 3-form Cabc ~ ^abcd[d,dYu is the lowest component of 
the combination d^II — d^fl ~ e°‘^'^‘^daCf,cd- The gange transformation 6 U = d^d'^Xa implies that 
dCabc = d[aXbc], as we now show. 

TM —)■ 2-form The tensor mnltiplet has field strength G = d°‘d‘^r]j 3 redncing to G = d^'d'^rja + 
dAd^pa so we recover the 3-form field strength of the fonr-dimensional 2-form gange potential 
Bab- To conclnde that this is, in fact, the gange 2-form however, we mnst verify that the gange 
transformation is 5Bab = d[aXb]- The F-theory transformation drja = ddd^Xajd rednces to 5r]a = 
d^daX + d^d°'Xaa after decomposing X/^a^) —)• (A, Xaa) into fonr-dimensional representations. The 
first term is the field strength of a 1-form and, thns, gives the correct transformation of the 2-form 
Bafi ~ di^ad^Tjp) becanse the second term cannot contribnte. Since rja is complex, the combination 
= d?7]a is an arbitrary chiral field. In the description in terms of the Xaa parameter drops 
ont completely and we conclnde that F TM —)■ M TM, as expected. 
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VM — )■ 1-form and 4-form The vector multiplet field strength Wa = cPdaV reduces trivially 
to that of the four-dimensional VM Wa = (PdaV and its conjugate but, again, we should check 
the gauge transformation rule. This gives 5V —)■ d^\ -|- d?\ the field strength of a 3-form rather 
than a chiral scalar multiplet. Contrary to the case of the tensor, this distinction persists in 
the description of this theory in terms of the combination Aa = daV, implying instead that the 
— P)V ~ ^°'’^^‘^Cabcd with the gauge transformation SCabcd = d[a\cd]- This component gauge 
4-form carries no degrees of freedom on- or off-shell. 

dVM —7- Dual 1-form The dual vector multiplet field strength *Wa = d?d^V(^ap) reduces into 
two parts *Wa = iPdaV + d^PVad- The first part Wa = iPdaV gives a dual vector in^four 
dimensions but this time we cannot remove := d‘^d‘^Vad- On the other hand, d*W = idW and 
d*W = dT so the action reduces to 

j d^x j d^9 (WaW° + + h.c. (4.4) 

and the dynamics of V and Vad decouple. The equation of motion for V imposes d°‘Wa — h.c. = 0 
on-shell and that of imposes — h.c. = 0. Note that these equations are equivalent to 

d°‘*Wa — h.c. = 0 and da*Wd — h-c. = 0, which are dual to the four-dimensional projections of the 
Bianchi identity of the F-theory vector multiplet. By the chirality argument in section 4.1.1, we 
may assume that, on-shell, d^T^ = 0. Since T is already chiral off-shell, we conclude that it carries 
no degree^f freedom on-shell and we are left only with the degrees of freedom of the dual vector 
multiplet Wa- 


p (mod 6) 

Ap 

dAp 

multiplet 

EOM 

0 

U 

(d2 + P)U 

scalar -|- 3-form 

{d? + P)dA 

1 

V 

PdaV 

vector -|- 4-form 

d^dAa + h.c. 

2 

La 

J ddLa + h.c. 

1 d^^La + h.c. 

superconformal 

parameters 

none 

3 


{Ga{H,P),R{H,P)) 

SG 

LA 

4 

{Ga,R) 

d^Gadt daR 

SG Bianchi Id. 

dadAa + h.c. 
d^dAa + h.c. 

5 

'Ipa 

d^'P'lpa + h-C. 

tensor 

PdadA 


Table 4: F —)■ M reduction. 


4.1.3 M Supergravity 

As implied by the reduction of the spinors from F —?■ M (cf. appendix A. 3), the supergravity field 
Jd(a, 3 ) decomposes into the fields Had and H_i with gauge transformations (3.2) 

SHad = ddLa — daLa and 5H_i = d°'La — PLa- (4.5) 


18 








They are recognizable as the superconformal transformations of the fonr-dimensional, N = 1 
snpergravity prepotential and the chiral compensator y; oc d^H^i of old-minimal snpergravity. 
The fact that the prepotential if_i is imaginary [vs. generic complex) means that this snpergravity 
theory has a 3-form in its chiral compensator (cf. table 3) as compared to the more familiar 
nnconstrained chiral compensator of old-minimal snpergravity [31] T 

The snper-Einstein tensor G'(a^) rednces to the fonr-dimensional, N = 1 snper-Einstein tensor 
Gaa and the chiral snperfield R (containing the curvatnre scalar) in the combination R + R. 
Explicitly, redncing (3.9), we obtain 

Gaa = 2ao(PcPd^Haa -(^00“ Haa “ 2ai(d^ -F <P‘)PaaH^'y 

+ fp(a^A^^pH'^a - fp^(^p^A/siaHa^ - 2a^PaaP 

G\ = 2ao{d^ + (^ao - a^)Ps5P^^H^^ + 4ai(d2 + . (4.6) 

Recalling that ( 01 , 02 , 03 , 04 ) = (—|, 4, l,0)oo, the coefficients in parentheses add to zero, thereby 
canceling the p^ terms, as reqnired. This redaction agrees with the snper-Einstein tensor Ga and 
snper-Ricci scalar G_i oc i? -|- R of old-minimal snpergravity [27] 

G, = -ld?^d^Ha + \paPbH- + A-H- + Pa{x “ x) , R = ^{x- baR-), (4.7) 

provided we take Oq = — | and and the linearized chiral compensator y = —^d?H_i (related 
to the non-linear compensator by = 1 — \/2(PH-i). For completeness, we give the qnadratic 
M-theory action 

Sm = /‘*‘^/ <l-‘0 { - - l(x - x)Ps^^- + Xx} 

(4.8) 

to which the F action (3.11) rednces. 

The constraint (3.8) rednces to d°‘Gaa = daR familiar from old-minimal snpergravity. As 
gnaranteed by gange invariance, the qnadratic action rednces to that of linearized old-minimal 
snpergravity with chiral compensator with a real prepotential (cf. e.g. refs. [31,32]). The M-theory 
Weyl tensor WaP'y that satisfies daWag^y = 0 and d^'Wap'y = \p{o?Gg)d^ can now be constrncted bnt, 
as pointed ont in section 3.2.1, it does not come by reduction from a superconformally invariant 
tensor in F. 

^2 jr _ y 'J' 

As explained in section 1.2, reducing to F —)■ T is achieved by truncating p^a —t 0 (dimensional 
reduction). The covariant derivatives reduce to da —t da-, da' and their algebra takes the form 

\_daidg\ 2pagi {da^ da'} 0, {da'^ dgi} 2pa'g'■ (4.9) 

The F-constraint reduces to the T-constraint 

p2_p'2^0. (4.10) 

®This version of supergravity was found to be useful to describe supergravity-mediated supersymmetry breaking 
in five-dimensional brane-world scenarios in references [32,.'id]. 
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These constraints are invariant nnder Spin(2,2) = SL(2;R)xSL(2;R) and under the Z 2 interchang¬ 
ing the factors, which we will call “T-parity”. The reduction of the fields to T is unfamiliar so we 
will work out some examples. Throughout this section, we reduce f d^x i J d?x but then pro¬ 
ceed to absorb ^ into the definition of the fields so that no explicit factors appear. (Alternatively, 
we reduce and then set £ —)■ 1.) 

The basic relation in T is 


{d^ -d'^){d^ + d'^)=Q. (4.11) 

From this, it follows that a “scalar” multiplet 0 = [d? -|- d'‘^)U satisfies [d? — d''^)(f) = 0 but also that 
its prepotential has the gauge transformation 5U = (d^ — d'^)A. If we define the “vector” multiplet 
prepotential V to have this field as a gauge transformation 6 V = {d^ + d'^)A, we find that its field 
strength is given by the other combination (d^ — d'‘^)V. This gives the T-form table 5. 


p (mod 2) 

Ap 

dAp 

multiplet 

EOM 

0 

U 

{d^ + d'^)U 

“scalar” 

(d^ -|- (P)dA 

1 

V 

{d^ -d'^)V 

“vector” 

(d2 -d'‘^)M 


Table 5: Super T-forms: (dAp, Fp+i, dFp+i) = (dAp_i, dAp, 0). 

We now compare this to the reduction F — T as represented in table 6. The actions for the 
scalar and tensor multiplets “reduce” simply by plugging in the explicit forms for 0 = d^f/ -|- d'‘^U 
and G = d"(d^-|-d'^)? 7 Q,-|-d“'(d^-|-d'^)? 7 a,/ = {d? — d'‘^)v with v := d'^'rja' — d^rja. The vector multiplet 
action J d^VWa reduces to f (d°‘VWa + d°''VWai) = with T ;= [d? — d'‘^)V after integration 
by parts, taking the same form as the tensor multiplet theory with the replacement n —)■ F. 

By contrast, the dual vector multiplet action can be written as 

- j d^x j d?ed?e' (t^ + 2 d„d„.n"“'r - 2 d„d„/nr“"' - ( 4 . 12 ) 

where T := (d^ — d'^)n and Taa' '■= (d^ — d'‘^)vaa'- Contrary to the analogous formula for the F 
M reduction, the two potentials do not decouple and the action does not reduce to a form 
quadratic in field strengths. 

Once more, we find that the reduction F —> T produces a table with features not present 
in the naive table derived from T. In this case the mismatch is attributable to the reduction of 
certain irreducible F multiplets into representations with more than one prepotential, as required 
by T-parity. A related feature is that we do not have an interpretation as a de Rham complex in 
this case (he. table 6 does not have the same de Rham-type structure as tables 2, 3, 4, and 5). 

4.2.1 T-dual Supergravity 

The reduction of the supergravity fields is as in reference [24]: /3> —t Hai3/,H3 — \H'^^ — 

— with gauge transformations 

5Haa' = da'La — daLa' and 5H‘i = ^{d°'La — d°' La')- (4A3) 
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T 

potential(s) 

field 

constraint 

EOM 

dVM 

-d-a = da'^ H“ d Vao(/ 

Wa = {d^ + d'^)Aa 

d^Wa + d^'Wa, = 0 

d^Wa - d^'Wal 


■^af — dafV d Vaaf 

1F„, = (d2 + d'^)Aa, 


da/^^a da^^a/ 

TM 

V = d^^'rja, - d°‘rja 

G = {d? - d'^)v 

{d? + = 0 

daG , da^G 

SM 

U 

4> = {d? + d'‘^)u 

{d? — d'‘^)4> = 0 

{d^ -h d'^)</> 

VM 

r = (d2 _ d'‘^)v 

Wa = -daF 

d^^Wa - d^'Wa, = 0 

d^Wa+d^'Wa' 



W a! = da/F 

o 

II 

e 

1 

"73 



Table 6: F —>■ T reduction. 


The field equations (3.9) reduce to 

Gaa' = ao(fd'‘^Haa' “ ai{d^ + d'‘^){pjHpa' +Pa'^'HaP') 

- a2{d^ - d!^){pjHp^, - pJ'H^p^) -f{d^- d'^)d^do^:H\ 
= aod^d'^H^o. + a2{d^ - + asip^ + /)H^a 

Substituting the values (oq, Ui, 02 , 03 ) = (1, —|)ao, we get 

= d^d'^H^^, +pJ'd^H^p, -^pJd'^Hp^, - |(c/2 - d'^)d^d^,H^ 

Tg-"^ = _i(rf2 _ + \{d? - 

Equivalently, we can reduce the F action (3.11) to obtain the T action 


-|- 2(23J)q Pq./ Hpj^f 


7 “t“ Pa Pol' 


(4.14) 


(4.15) 


Si = a„ j (Px j <eedH’ 

- df^)H3 - 2H:,{(e - ci'^)^ff3}. 

These results are to be compared to those of reference [24]. Unfortunately, this is complicated 
due to an error in the algebra that qualitatively changes the form of the equations of motion in 
the current version of that paper. 


4.3 M,T ^ S 

Finally, reduction to S can be implemented through the M branch or the T branch. In the M — >■ 
S reduction, this is simply dimensional reduction along the 3-direction. In the T —> S branch, the 
reduction is performed by solving the F-constraint (“sectioning”) which sets p' = p. Either way, 
the result is a (2 -f l)-dimensional theory with an iV = 2 supersymmetry algebra 

{da, dp) = 2paf}, [da, d/3'} = 0, {da>, dpi) = 2pa'0'. (4.16) 

More convenient, however, is to go to a complex basis in T analogous to that of M. Then M —> 
S and T — )■ S reduction can be treated simultaneously as both give the 3D, N = 2 algebra 

{da,dp} = 0, {da,dp}=Pap, {da,dp} = 0, (4.17) 
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gotten from M by dropping the dot q —)■ « and from T by making complex combinations propor¬ 
tional to da ± ida'- 

Since the reduction M —S is trivial, we choose to reduce T instead. The combinations 
d? ± d'"^ reduce to -|- (P and 2id°‘da respectively. Thus, the scalar multiplet (j) ^ d'^U + PU 
becomes a 3D, N = 2 chiral held ^ = d‘^U with real prepotential in the combination invariant 
under shifts $ —zc by imaginary constant scalars. On the other hand, the tensor multiplet 
becomes an iV = 2 vector multiplet G —?• 2id^daV. That this is a vector multiplet, can be seen by 
reducing the vector multiplet itself; First, we make the complex combinations Wa = IVa + ilVa' 
and its conjugate. Then, Wa = —daT with T = 2id°‘daV invariant under the gauge transformation 
dV = D -|- D by chiral scalars d^D = 0. Thus, the heldstrength of the three-dimensional, N = 2 
vector multiplet simplihes to a real-linear superheld T = f and d?T = 0. The helds of the dual 
vector multiplet reduce similarly. 

5 Conclusions 

In this paper, we have studied the superspace formulation of toy F-theories (F) in the linearized 
limit. Such superspaces reduce to analogues of M-theories (M), and type-II theories with manifest 
T-duality (T). These reduce in turn to a type-II “string” theory (S) in its usual formulation. 
Focusing on the case in which S corresponds to a three-dimensional string, we constructed the F 
superspace to which it lifts. Field theories in F are a priori ten-dimensional but are subject to 
the F-constraint (1.4) effectively reducing them to four dimensions. The matter and gravitational 
theories were constructed in the quadratic approximation. All of the matter theories have abelian 
gauge invariances and severely restricted interactions. The F-constraint follows from the gauge 
invariance of the gauge invariance in F-gravity. 

Reduction F M is achieved by solving the F-constraint. The reduction of the matter and 
gravitational theories was worked out in detail. Due to the gauge invariance of the F-theory matter 
helds, the reduced matter helds are modihed versions of the usual matter multiplets familiar from 
4D, N = 1 superspace. In the same vein, F gravity reduces to old minimal supergravity but with 
a real prepotential for the chiral compensator, which representation contains a gauge 3-form. 

By contrast, F reduces to T by dimensional reduction along a space-like direction. The result¬ 
ing theory has Spin(2,2) = Spin(2,l)xSpin(l,2) symmetry corresponding to the manifest T-duality 
invariance of the underlying type-II theories. Again, the reduced matter representations are sig- 
nihcantly more complicated than what one would naively expect. The supergravity reduction 
produces a result that is expected to agree with that of reference [24] after correction of an error 
in that paper. 

In light of these results, there are many interesting extensions of this work to pursue. For 
example, we have not yet attempted to extend the analysis to the case of the D=3 superstring d 
la [3-5] nor have we studied the hrst quantization of these theories. It is of interest to understand 
the results of this work in the context of such a quantization, possibly in the presence of membranes. 
Alternatively, it should be straightforward to extend this construction to the more interesting 
dimensions corresponding to D=4 and D=6 strings. 

In a different direction, the extension to the non-linear theory would be an interesting avenue 
for further investigation into this F theory for D=3. The non-linear extension of the supergravity 
theory is complicated by the lack of chirality in F. Even for the matter theories, the non-abelian 
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extension will have to contend with the presence of forms of degrees higher than 1 in the generic 
multiplet. (Although the 1-form does not have this problem, there we are unable to impose 
conventional constraints on the non-abelian connection.) A related line of investigation is a proper 
study of the F-theory forms. Throughout this work, we have encountered “F-orms” that reduce 
to ordinary p-forms upon reduction to M and T but these are not p-forms in the ten-dimensional 
sense since pairs of SO(2,3) indices are symmetric rather than anti-symmetric under interchange. 
Understanding how the latter (and their T-theory analogues) arise and their relation to the former 
may shed light on the (super-)geometry of F-theory. 
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A is for “Algebra” 


A.l SL(4; R) 

The easiest way to derive identities for the F-theory spinor algebra is from 4D 7-matrix alge¬ 
bra: The steps are: (1) Derive the algebra for products of 7-matrices by considering special cases. 
Identically valued pairs of indices give Minkowski metrics p, differently valued indices give antisym- 
merized products of 7’s. (The terms are fairly obvious, with signs from anticommuting different 
7’s past each other.) (2) Replace 7’s with spinor derivatives d, and metrics p with “spacetime” 
derivatives p = —id (also, 4-vector indices with 4-spinor). At this point the results are manifestly 
SL(4) covariant: 


dfy d 

da d/ ^ d'y 

d/fy^ d d/yy d^ 
d/fy di ^ d-y d^ d/^ 


dl^ + Pa/9 

^afS'ySd i^Pa^dy Pa.'^dp “h P/S'-fda) 

^a/Sysd i^Pa/^dy^ Pfyydp^ Po-sdpy ~\~ P/3^d^^ Pj^^d^y “h P^sdfyi^^ 
i^Pa/SP'-yS PayP^S PaSP/3'y^ 

(Pa/3^7(5e^ Pa'j^^Sei^ “1“ PaS^^'ye^ Pa.e^p'ySd^ “1“ P 
PpS^a.'yei^ “ 1 “ Pjie^cx'ySC, P7(9^Q;/3e^ P'ye^a.jiSC, P(5e^Q;^7^)^ 

“1“ iPa.j^P'yS Pa7P/3(5 “1“ Pcii5Pl3'y)d^ iPa.pP'ye Pa.'yPpe PcnePp'y^d^ 

“1“ (j^af^PSe PaSP^e “1“ PaeP/SS^dy i^Pa'yPde PaSP'ye H“ PaeP-yS^d^ 

+ {P^^PSe - Pl^SP'ye + P^eP^5)da (A.l) 


The conventions are unambiguous when factors are minimized, except for signs implied for d? and 
d^ as chosen by index ordering, and the related choice 61234 = 6^^^^ = 1. (The ” with all e’s will 
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be explained below for Sp(4).) We then have 


d-y} 2.6Q,l3^sd 1 

{d'^,da} = 0 , 
{dip: d^s} = -‘^e^p^sd* - 2p^[^pp]s , 


Ida, dp^ 2 d^i^ 

[d^p, d^] = — 2 p^^adp] 
[d^^, dp] = 25^pd^ 

[d^, da\ = 2pc,pd^^ 

[dip: d^s] = ~2p[^[a(i^]5] 


(Multiple (anti)symmetrizations are nested.) 


(A.2) 


A.2 Sp(4; R) 

The next step is to separate Sp(4:R) traces to find the identities relevant to F-theory. Decomposing 

-^[q:/ 3] = -^OLf 3 -^l^OL 1 -^{oLf 3 ) — "d.[Q,y3] C7-tr 

-^{ab) — -^ab T -^ba ? -^{ab} — -^{ab) p-tv 


Cap = -Cpa = = -{Cap)* , C^'^Cp, = 6 '^-, r = C^^^p, iJa = ij^Cpa 

^af3'yS Cfp^^C'yS T Ccx.'yCsi^ T 


2 _ 1 a 8 2 _ I'Y ^ 2 1/^2 

P = 2P , P(a/3> = 2P{cPP0h ; PcPPPy = P(a^) “ ^^a^P 

d — 2^ 5 ^a.p — 2^(q^/3) 1 d(xd^ Pa^ T 2^^pd 


da} = 2dl , da] = -2pa^dp 

{2^aP)d^} 2Cy(^adi^'^ j [Aq,^, (i..y] 2p^(^adp'j 

{d^, Aap} = -2p\ap) , [d^ Aap] = 

{AaP^ A^^j- 2,CapyCS)pd P{'y{aPp)S) j [Aq,^, A^y^] 2p(^^(^aAp'^S) A Ppy[aCp'jS'jd (A.3) 


2d‘^ = {d^Y +p^ = \d°^d^da — p^ (A.4) 

d^ad^dp) = - 2 p^adAp)^ , d(^ad‘^d 0 ) = (A.5) 

d?dad? = , \d'^{d^Yda = Aap (A.6) 
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A.3 SL(2; C) 

We now break Sp(4;R) —)■ SL(2;C) = Sp(2;C) for M-theory. The Sp(4;R) index decomposes as 
a —)■ {a, a), each taking two valnes. The spinor derivatives decompose as 

da — y "\/2[da-, d^) , di^ — y 2[d'^ + cP) 

where the new := ^d'^da and d? = (d^)*. The tensors decompose as 




A traceless-anti-symmetric tensor Xap = \X(^aii) decomposes as 

-Cap^^X.r X,. 






' , -’f-i = = 


1 

V2^ a 


(A.7) 


This gives 


-Ca^{d^-d^) [da,d-] 

[da.df^] C.-id^-d^) 


(A.8) 


A.4 Spin(2,2) —> Sp(2; R) 

A simple split in the range of indices a —>■ a, a', withont any new normalization factors, is snfficient 
to rednce from F to T-theory, with its Sp(2;R)xSp(2;R) symmetry. Explicitly, 


Xq,/3 —)■ 


fCafyXs 
y Xafi' 


^ajS' 

—Ca'P'X^ 


X3 


1 Y'^ _ _1 Y'^' 

2^ Oi 2^ ' 


(A.9) 


Trnncating to one Sp(2;R) factor gives the reduction to S-theory. The 3D, X = 1 algebra is given 
by [27] 


{da.dfi} = 2paf} (A.10) 

with a, /3 = 1, 2 and Pap = p^a- The non-trivial identities can be gotten from those of section A.2 
by setting d' —)■ 0 ^ p', d^, d^ —)■ 0; 

d°‘dpda = 0, d^da = —dad^ = Papd^ ^ |d“d^da = —d^d^ = p^. (A. 11) 

B is for “Bosonic” 

In this appendix, we give a toy version of F-theory with no fermions. This is the X = 0 analogue 
of the construction in the body of the paper. We begin with bosonic F-theory “p-forms”. 
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B.l Forms 


In this section, we study the bosonic analogue of the “p-forms” that arise in F theory multiplets. 
Uncovering the structure of these F-orms is not entirely straightforward. Importantly, they are 
not de Rham forms in ten dimensions because they arise from the F-constraint 


d[abdcd] = 0 da[bdcd] = 0, (B.l) 

rather than the relation [dab, dcd\ = 0 on which the de Rham complex is based. 

We start with the following assumptions regarding the potential A of a 0-form: Its gauge 
transformation is a real constant and its held strength is the gradient Fab = dab^ with equation of 
motion d°'^Fab = 0. This held strength solves the Bianchi identity da[bF(.d] = 0.^ With this initial 
condition, the table of p-forms is built by increasing the number of indices on the potential A. 
This gives the following structure: 


p 

Bianchi Id. 

Solution 

Gauge inv. 

EOM 

0 

9a[bFcd] 0 

Fab = dabA 

6A = constant 

d'^^Fab = 0 

1 

da[b^cde] 0 

Fabc 9^ab-^c] 

SAa = dbaX'' 

d’^^Fabc = 0 

2 

da[b^cdef] 0 

Fabcd 9^ab-^cd] 


d'^'^Fabcd = 0 

3 

none 

Fabcde ^[ab-^cde] 

^-^abc 

d^^^'Fabcde = 0 


(B.2) 


at which point the table terminates. The gauge transformations are unusual in that their gauge 
parameters are vector-valued; there is no particular symmetry on indices at diherent heights. Note 
that the held strengths for the gauge p-form have an unfamiliar “degree” (the number of indices 
is not p -f 1).® 

Table (B.2) is not invariant under “Poincare” duality. Instead, mapping F —>■ *F and hipping 
Bianchi identity and equation of motion gives a second table of dual forms 


(B.3) 


Again, there is no special symmetry implied on indices unless explicitly indicated. For example, 
the gauge parameter has both symmetric and anti-symmetric parts. (The subtraction of the 
divergence can be imposed directly on the parameter. Alternatively, the held strength can be 
dehned as Fab = in which case the parameter is completely unconstrained.) 

Comparing the tables, we see that the gauge transformation of a p-form is of the same structure 
as the held strength of a *(3—p)-form. The actions that imply the equations of motion are all of the 
form j F"^ with the appropriate number of indices on F contracted with the (inverse) Minkowski 
metric 


P 

Bianchi Id. 

Solution 

Gauge inv. 

EOM 

*3 

dabF = 0 

F = constant 

none 

none 

*2 

d[abFc] = 0 

Fa = dabA’’ 

6A^ = 

d^’^Fb = 0 

*1 

9[abFcd] 0 

Fab = dc[aAl^ 

5Al = dabX'^^-\5:d-X 

d^^Fbc = 0 

*0 

9[abFcde] 0 

Fabc 

= dabX^ 

d^^Fbcd = 0 


^It also solves d[ahFa]d = 0 but this is equivalent since da[hFcd] =0^0 = d[ahFad] oc da[bFcd] - d[6cUi]a- We 
prefer the form presented in the table as it is more easily compared to the form of the equations of motion of the 
dual table. 

®For example, the gauge 1-form is represented as having a 3-form field strength. We can put it in the slightly 
more familiar form by writing Fabc = ^^abA^Fde, in terms of which Fab = ^^ab'^'^^ddeAe, satisfies the Bianchi identity 
d°'^Fbc = 0 and the equation of motion d[abFcd] = 0. Note that, although we are using e, Fab is not the Poincare 
dual of Fabc- 
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B.1.1 Reduction to M 

The reduction of a gauge p-form gives an M-theory p-form and nothing else. The part of the held 
strength Fab... = d\^ab^...] with p + 2 components vanishes identically since dab —)■ 0 in M. The _i 
component, on the other hand becomes an exact (p + l)-form held strength for a gauge p-form. 
This form satishes a Maxwell-type equation on-shell, as given in the last column of (B.2). 

The reduction of a *p-form gives an M-theory (2 — p)-form and an auxiliary (p — l)-form. The 
(2 — p)-form is M-closed and satishes a Maxwell type equation (he. is M-co-closed) on-shell. The 
other component of the *p-form equation of motion reduces to d-iaF_ihc,„ = 0 which implies that 
the (p — l)-form is constant on-shell. 


B.2 F-gravity 

As a warm-up to the derivation of the linearized supergravity action in F-theory, we work out the 
analogous calculations in a bosonic model containing only a symmetric, traceless rank-2 tensor 
hab- The functional derivative of the quadratic action S = J L{h) dehnes the linearized Einstein 
tensor G{h) := 6S/6h. This is required to be gauge invariant G{6h) = 0 and we can use this fact 
to derive G{h). 

Up to surface terms, the variation of the action can be written as 

y (5L = y {h6G), (B.4) 

where, in this appendix only, (M) = will stand for the (bosonic) trace {e.g. (h) = 0). The 
linearized Einstein tensor is 


G = {ao{dd)h + aiddh — a 2 dhd} , (B.5) 

with {... } standing for twice the symmetric and traceless part {e.g. {h} = 2h). Here and hence¬ 
forth we use matrix notation but all ds act on the held. In this notation, the gauge transformation 

is 


Then 


^h = {aA} = aA + Aa-f(aA) 


(B.6) 


26G = {2ao{dd)dX -I- aidddX -I- aiddXd — ‘^aidd{dX) 

— a2ddXd — a2dXdd -I- '^a2dd{dX)} 

= 2ao{d'^){dX} + aijcI^A} — a2{dXd‘^} 

+ (ai - a2){d‘^Xd} - |(ai - a2){cI^}(5A) (B.7) 

but [9] = 2d and [A] = 2A imply that d^Xd = dXd'^ so this simplihes to 

26G = 2ao(9^){9A} -I- ai{5^A} -I- (oi — 2a2){d^Xd} — |(ai — a2){c?^}(c?A). (B.8) 

The F-constraint d\^abdcd] = 0 implies d\^abdcd]d‘^^ = 0. Expanding this out, multiplying by h on 
the left and A on the right, and contracting all indices in the two inequivalent ways gives the two 
equations 

{h{d^)dX) = 2{hd^X) and {hd^){Xd) = 2{hd‘^Xd). (B.9) 
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With this, the variation of the action collapses to 


26L = 2ao{h{d'^)dX) + ai{hd^X) + (ai — 2a2){hd^Xd) — |(ai — a 2 ){hd‘^){dX) 
= (4ao + ai){hd^X) + |(ai — 6a2) {hd‘^ Xd). 

Therefore, taking ( 01 , 02 ) = (—4, —|)oo, the bosonic F action is invariant. 

B.2.1 Reduction to M 

Expanding ont the F-theory graviton and its gauge transformation, we hnd 

h_i_i h_u \ ^ 


hah 


—-dT'" 

and 8 hn.h ^ I t 4 o /^c 

O iac Oi^aib) - IVabOci 


(B.IO) 


h—la hab 

where we dehned '■= Note that h_i_i = h'^c- Dehne the combinations 

Qab ■ hab '^^abh c i hJabc • ^abc h—i^ 8(Jab ^(a^b) i 8Ca,bc 

where Xab ■= -\eab'"^icd- The 4-form held strength Fabcd ■= jid{aCbcd] is related to = 

Then the action becomes 


(B.ll) 

(B.12) 

~Fo123- 


Sm = J Fx^ 2 aog ngab - aidag d'^gbc - |( 2 oi 302)5'^“^Vb 

-|- ^(IOoq + 13oi -|- 12o2)5'n^ -|- (oi -|- 202 ) 

= 4oo J d^x{ - Udcgab)" + {d^gabf + U^agf + gd^O^gab + ^^FabcdF^^^'^]. (B.13) 

When oo = — |, this reproduces the linearized action for Einstein gravity and a decoupled gauge 
3-form with 4-form held strength F = dC (which carries no four-dimensional degrees of freedom). 
We conclude that this quadratic bosonic F-theory reproduces the linearized limit of the generalized 
geometry construction proposed in [12]. 
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